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Abstract A Fourier transformation in a fractional dimensional space of order A
(0 < A < 1) is defined to solve the Schrodinger equation with Riesz fractional derivatives of
order «. This new method is applied for a particle in a fractional §-potential well defined by
V(x) = —y8*(x), where y > 0 and 6*(x) is the fractional Dirac delta function. A complete
solutions for the energy values and the wave functions are obtained in terms of the Fox
H-functions. It is demonstrated that the eigen solutions are exist if 0 < A < «. The results
for A =1 and @ = 2 are in exact agreement with those presented in the standard quantum
mechanics.

Keywords Fractional Delta function - Fox H-functions; fractional calculus - Fractional
dimensional space

1 Introduction

In 1918 the Mathematician Felix Hausdorff introduced the notion of fractional dimension.
This concept became very important especially after the revolutionary discovery of frac-
tal geometry by Mandelbrot [1], where he used the concept of fractionality and worked
out the relations between fractional dimension and integer dimension by using the scale
method i.e. d*x = %dx, 0 < A < 1. And numerous efforts has been made by re-
searchers in various branches of science and technology [2-21]. Besides, there are other
approaches to describe fractional dimension. These include, fractional calculus (a gener-
alization of differentiation and integration to noninteger order) [22] and the analytic con-
tinuation of the dimension in Gaussian integral [13, 14, 23-25]. The later is often used in
quantum field theory [24, 25], and introduced in the dimensional regularization method,

f fx)d"x = 2?%2 OOO f(x)x"'dx (a method of removing the divergent term in the eval-
2

uation of Feynman diagram term in order to avoid the loop divergence).
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Historically, the first example of fractional physical objects was the Brownian motion [1].
In quantum physics the first successful attempt applying of fractality concept was Feynman
path integral approach [26], where Feynman and Hibbs [26] reformulated the non-relativistic
quantum mechanics as a path integral over Brownian paths. Laskin [27, 28] used Lévy paths
instead of the Brownian ones in the path integral and obtained a space fractional Schrodinger
equation and developed the fractional quantum mechanics.

Related to fractal geometry and fractional dimensional space is the area of fractional
derivatives and integrals which have recently been applied in many applications includ-
ing particle physics [6], fractional Hamiltonian systems [7, 8], chaotic dynamics [4], astro-
physics [9], physics of fractals and complex media [3] and recent studies of scaling phenom-
ena [10-12]. Even though it was demonstrated in [3, 29], that the areas of fractals, fractional
dimensional space and fractional derivatives are not completely independent, some authors
have studied the Schrodinger equation which contains fractional derivative terms (Caputo or
Riesz derivatives) [30, 31] in an integer space of order n =1, 2, ..., and without taking into
consideration, the fractionality dimensions of the fractals (irregularity or roughness). For
example, Dong and Xu [30], solved the fractional Schrodinger equation using the quantum
Riesz fractional operator introduced by Laskin [27, 28]. Naber [31] showed a time Caputo
fractional Schrodinger equation. Wang and Xu [32] generalized the fractional Schrodinger
equation to construct a space-time fractional Schrodinger equation.

Recently, Muslih and Agrawal [33] investigated the wave equation with Riesz fractional
derivative and proved the connection between the Riesz derivative of order « and fractional
space of order D as

sP(r—r), 6

(—A)“/2< 1 > _ 2°7 PRI (%)

r—r[P=e r(25)

where §P(r — r') is the D dimensional fractional Dirac delta function which satisfy the
following identity

/SD(r—r/) dPr=1. )

Because of the fractional geometry nature of fractals, we will solve the fractional
Schrodinger equation in fractional dimensional space. We will introduce the Fourier trans-
form method in fractional dimensional space to solve this equation. This new method is
applied to find a complete eigen solutions for a particle in a fractional §-potential well de-
fined by V (x) = —y8*(x), where y > 0 and 8*(x) is the fractional Delta function.

Our paper is organized as follows: In Sect. 2, the Fourier transform method in fractional
dimensional space is presented. In Sect. 3, we introduce Fourier transform method in frac-
tional dimensional space to solve the fractional Schrodinger equation. Section 4 deals with
the eigen solutions of a particle in fractional §-potential well. Section 5 contains our conclu-
sions.

2 Fourier Transform Method in Fractional Dimensional Space

The Fourier transform method in fractional dimensional space of Gaussian integral over
fractional volume element d V), is defined by Stillinger in Refs. [13, 14]. In this section, the
Fourier transform g(k) of a continues function f(x) will be considered over fractional line
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element d*x, 0 < A < 1 by using the Mandelbrot [1, 34] fractional line element which is
defined as

. ﬂk/2|x|)u71
d'x = ———dx, (3)
r'(./2)

where 0 < A < 1. Then the Fourier transformation is defined as
s = F(f@) = [ Fuoetais, 4

and the inverse Fourier transformation f(x) is given by

1\" .
f(x)zF’l(g(k))=<E> / g(kye ™ d k. )

The above definition can be generalized for N dimensional vector R". The dimension
of fractional space is givenby D =A; + Xy +---+ Ay, 0< X; < 1.
The generalized Dirac delta function in the X dimensional fractional space is defined as

LN [ ey
Sk(x—x/)=<g> /e’k@*“dkk. (6)

Theorem 1 The generalized Dirac delta function in the ) dimensional fractional space
satisfies the following identity

§*(x) = lim ete ™, )
Proof From (6), we have
o0 .
/ e®drk = 2m)*8* (x). (8)
—o0
Now, let us define the following integral [13, 14, 23, 35]
o0
1B.q)= / P @iy = M2 ©)
—00

Let g =ik and x — k, this yields
o0
/ e(—ﬁk2+ikx)dxk _ ﬂ—x/znx/ze—)ﬂ/w. (10)
—0Q

Hence, we arrive to the value of Dirac delta function as

1 Aopoo 1 A 00 .
A _ ikx gh — : (—Bk~+ikx) g
re) = (271) /,Ooe 'k (271) élil}J(/,ooe d k)

1\ 2
=(—) Lm(B?x??e*"/4F), 11
(271) ﬁ—>0(ﬁ ¢ ) (n
Let 8 = #, we arrive at the proof of Theorem 1. O
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Theorem 2 The generalized Dirac delta function, satisfy the following identities

(D 0
/ F)8*(x)d*x = f(0). (12)

2 0
/ s (x)d*x =1. (13)

Proof Using the scaling method of Mandelbrot (see (3)), we have

/oo 8" (x) f (x)d* 2 (/005*( ) f (x)x*1d ) (14)
x)f(x)d"x = x) f(x)x x ).
—00 F(}\,/Z) 0
Substitution of Dirac delta function defined in (7), we obtain
o] Zﬂx/z 00 )0
8 () f (x)d*x = ( / lim g*e ™" (x)x*-ldx) (15)
[oo / PG/ \Jo e=eo /

Let z = we?x?, then (15) can be written as
* 1 * */2-1)
8 (x) f(x)d*x = —— | lim 0/ efzz)‘fdz): 0). 16
[m ()£ () m/2)(Mcf<)0 fO. 16
In particular, when f(x) =1, we arrive at

/OO s (x)d*x = 1. (17)

oo

In general the above definitions can be generalized for N dimensional vector R". The
dimension of fractional space is given by D = A; + A, + -+ + Ay, 0 < A; < 1. In this
case the generalized Dirac delta function in the D dimensional fractional space satisfies the
following identity

1\” ,
8P(r—r) = (_> /ek'("”de
2w
= 8" (x; — x])8"2 (g — x5) - - 8™V (xy — x}y). (18)

The Fourier convolution operator of two functions 4 and ¢ is defined by the integral

[e¢]

hs = (h*@)(x) :/ h(x = y)e(d*y (x€R). (19)

—00

The Fourier transforms in spatial and momentum space can be obtained after the chang-
ing of variables from k to the momentum p = hk as

1 \* e
¢m=6%>/¢wwwwn (20)
mmzf (e dix. @1)

O
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3 Fractional Schrodinger Equation in Fractional Space

In this section, we will investigate the fractional Schrodinger equation in fractional space.
Laskin [27, 28], developed the fractional Feynman path integral over Levy paths using the
Hamiltonian which includes the fractional kinetic term in terms of the quantum Riesz frac-

tional operator and is given by (—h?A)*/?,1 < a <2, where A = - is the Laplacian in
one dimension. The time dependent Schrédinger equation is expressed as
o (x,t
5D e, 22)

where H, is the Laskin fractional Hamiltonian and defined as

Hy, = Dy (=2 A2 + V(x,1). (23)

Here, D, has physical dimension [D,] = erg'=® x cm® x s7* (D, = ﬁ fora =2, m is
the physical mass of the particle).
For Hamiltonians do not depend explicitly on time and taking into account that v (x, t) =

¢ (x)e"E/" then (22) can be put in the form.
Dy (—R*A)*Pp(x) + V(x)$(x) = E¢(x). (24)

As was specified in the introduction, the solutions of time dependent and independent frac-
tional Schrodinger equations in the integer dimensional space, are studied by some authors
[30-32]. Our aim is to use the method introduced in the previous section and to investigate
the eigen solutions of fractional Schrodinger in fractional dimensional space. As an example
we will solve a fractal source with a potential in the form of fractional Dirac delta distrib-
ution function. To accomplish this goal, we multiply (24) from left by e~"**/" and taking
the Fourier transform of the resultant value, and then integrating over x from —oo to co we

have,
[o] A /
/ (D""P'l"‘w(p/)dlp/{ / eI —md*x})
—00

o0
+/ e =Py (d xp(p)d p’
—00

o0
=E / e P g (phd p. (25)
—00
Using the definition of fractional Dirac delta function (6), we obtain

Qr)*(Delpl®0(p)) + f e M=y () d g (phyd* p!

—00

= Qrh) E¢(p). (26)

4 Fractional §-Potential
In this section, we consider a particle in fractional §-potential well defined by V(x) =

—y8*(x), y >0 and 0 < A < 1, where §*(x) is the fractional Dirac delta function de-
fined in (6). The time independent fractional Schrodinger equation for this particle is given
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by
Dy (=1 D) (x) — y8* ()¢ (x) = Ep(x). 27
We consider here E < (0. Making use of (26), we obtain

@k (Dl pl“o(p)) + / ) (8 o xg(p)d '

—00

= Q) E¢(p). (28)

Using the property (6), we obtain

Y = A
Dy|pl® - d'p=E . 29
Dulpl o) - s / e p = Ea(p) (29)
Let
oo
/ p(p)d*p=C, (30)
—o0
where C is a constant. Substituting (30) in (29), we have
= . 31
YD) = Gahy Dipl—E Gh
Again, substitution of the solution (31) in (30), we obtain
o] d)‘ 2 h A
/ p___(@rh . (32)
—o0 Dulp|* — E 4

Making use of the fractional line element defined in (3), then (32) can be put in the form

22*/2 (> |p*'dp  Quh)*

(33)
F/2) Jo Dalpl*—E Y
Using the identity [36]
a1 [ o (/e ])
14+ az® = a)b/ Hl«l I:LIZ |(A/a.1)] ’ (34)
where H}""(z) is the H Fox-function (for more details, see the Appendix), we obtain
=L —1)/a,
|p|A—1 B 1/ D, (%3 )Hl,l D, . ((A=D/a.1) 35
De| |”—E__E _E 1,1 _E Ipl (35)
o|P (A=D/a,1)
This allows us to calculate the integral
o - 22 poo L (=1 /e, 1/a)
p~"dp L(_ENT D, }
/ B o (- (=) Ipl dp. (36)
o Dalpl E aE Dy 0 E (A=1)/a,1/at)

Using the identity (49), we obtain the eigen values E, ; for the particle in fractional §-
potential well as

EM:_< YT /e)l'(1 — A/a) )T 37)

21t T (A 2)a (D)

@ Springer



Int J Theor Phys (2010) 49: 2095-2104 2101

According to the identity (49), the integral (36) exists, when 0 < A < «. For one dimensional

fractal systems O < A <1 we obtain 1 < . As special cases, for A = 1, @ = 2, the value of

E, , reduces to the same energy eigen value as given in standard mechanics [37, 38].
Making use of (36) and (20), we obtain the solution ¢ (x) as

]/C 00 eipx/h .
= d
PO = G /,oo Dalpl—£° 7

B ]/C 2]T)L/2 00 eipx/h|p|)ufld
~ @ TG/2) Jy Dalpl—EP

_ )/C 2nx/2 /oo eipx/FL'plA—l (38)
QP TG/2)E Jo 1—Do/Elp|
Again, using the identity formula (34), we obtain
yC  27*/2
P =T =
Qrh)* T (L/2)E
A—1
oo D, -5 D, ((A=1)/e,1)
X e == H'! [pl* dp. 39)
E b E
0 - - (A=1)/a,1)

The integral (39) can be evaluated using the Fourier cosine transform of the A function [39]
as follows:

¢ (x) =CLF}(x), (40)

where C* and F?(x) are given respectively as

A )/C 27T)L/2 1
“= @A T )R —n @1

00 . D, ((A=1)/a,1)
F}(x) :/ cos(px/h)H,, [( E>|p|” ]dp. 42)
A _

((A=1)/e,1)
With the help of (52), FaA (x) can be evaluated as

A o« g |(E D (Las2)
Fr(x) = ”—va;[<m> ( ) ] 43)
x| h Dq (Ler/2),(=2EL 1),(1,0/2)
Using (53), (43), reduces to
zh D\ " (22 1/0).(1/2,1/2)
Fro = g2 [m( . ) | } (44)
o - ©.1).(%5% 1/0).(1/2,1/2)
Furthermore, using the formulas (54) and (55), we obtain
N Th 1o Dohe\ ™
Fy(x)=—H, | |x| O, 1) . 45)
o ’ —E
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Finally we obtain the wave function ¢ (x) for a particle in fractional §-potential well as

Daha —1/a
)

For the special case « = 2 and A = 1, the wave function in (46), reduces to that in the
standard quantum mechanics [37, 38].

P(x) = CQ%EHJ;PDM(

O, 1)i|. (46)

5 Conclusions

In this paper we developed the Fourier transform in fractional space. This allows us solve
fractional Schrodinger in fractional dimensional space A. As an example we obtained a com-
plete eigen solutions for a particle in a fractional §-potential in the form V (x) = —y8*(x).
where y > 0 and §*(x) is the fractional Dirac delta function. Using the properties of Fox
H -functions we demonstrated that the eigen solutions are exist if 0 < A < «.
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Appendix

In this appendix, we will review the Fox’s H -function, and its properties, which have been
used in our calculations. The Fox’s H-function is defined by the contour integral, [36]

Hm,n( )_Hm,n |(“p p) 1 h(S) s dS (47)
pg &)= Mg [Clwg.By | T 57 | z 4as,

where h(s) is given by

" F(b~+B-s) T —aj+Ajs)
h(s) = (}_[ T . 48)
I1 '—m+1 —bj+ B, S) '—n+l [(a;j+Ajs)
Where m, n, p, g are integers satisfying m? + n? #0,0<n<p,0<m<gq and empty
products are interpreted as unity. The parameters a; (j =1,..., p) and b;(1,...,q) are
complex numbers and A; (j =1,...,p) and B; (j =1,...,q) are positive numbers sat-

isfying P, N P, =¥, where P, ={s =(b; +k)/B;,j=1,2,...,m;k=0,1,2,...} and
Po={s=A;-1-k)/A;,j=1,2,...,m;k=0,1,2,...}. The integration contour runs
from s = ¢ —ico to s = ¢ + ioo such that P, lies to right of L and P, to the left of L. The
Mellin transform of a single H-function is given as

* (@p.Ap)
s—1 gym,n ap,Ap
/0 2 Hp,q [ |(b B, )]

~ ]_[;” F(b-—i—B-s)]_['f (I—a;+A;s)
=a 7 , (49)
[Ti—mi T —bj + Bjs) —n+1F(aj+Ajs)
where —min1<,-<m (%) <R() < L —max|<j<p R(Z—j.), larga| < 1w, A= YA
J
Jj= n+lA Z Z] m-HB >O
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Now we would like to derive the cosine transform of H-function. Using the integral [36]

(o)
(ap,Ap)
[ ey [o ) a:
0

— 2.r+1/2k7x73/2Hm,n+1 [(2/]()#2'

p+2.q (bq.Bg)

and the values of cosine function

[ 2
J,|/2(k2) = jT—kZ COS kZ,

we obtain the cosine transform of H -function as

o0
s—1 m,n n (ap,Ap) _ l m+1,n n
/o 2"l cos(kz) H,' [az e 5y [d2=—H'\\ o [ K /al

(1=bq.Bg),(H= ,u/2)
ks

Some properties of H-function

H™n [ u|(“ﬂ'Ap):| 1 H™n |(”P’ATP) 0
Sz =—H""|z ., u>0.
p.q (bg,Bq) woP (b,,.%
mon | @1,A1),(a2,A2),....(ap,Ap) _ gmn—1 (a2,A2),....(ap,Ap)
HP!/ |:Z|(b1~31),(b2,32) ,,,,, (bg—1,Bq—1.(a1,A) | ™ HP*LII*I Zl

m,n (a1,A1),(a2,A2),....(b1,B)) | __ zym—1,n (ar,Ay),....(ap—1,Ap—1)
Hp»q |:Z|(b1,81),(bz,32) ----- (bq,B,,):I - Hp*l,q*l I:Z|(b2v32)w-w(bq-3q) :

References

—_

. Mandelbrot, B.: The Fractal Geometry of Nature. Freeman, New York (1983)
. Fractals in Physics. Proceedings of the VI Trieste International Symposium on Fractal Physics, ICTP,

Trieste, Italy, July 9-12, 1983

New York (1997)

. Zaslavsky, G.M.: Phys. Rep. 37, 461 (2002)
. Muslih, S., Baleanu, D.: Nonlinear Anal., Real World Appl. 8, 198 (2007)
. Muslih, S., Agrawal, O., Baleanu, D.: Solutions of a fractional Dirac equation. In: Proceedings of the

(5.1, (1-aq, Aq), (1= 1 /2)

(l/4—s/27v/2,u/2),(aI,,A,,),(1/47x/2+v/2,p./2):| (50)

(51)
i| . (52

(53)

(blvBl);(b2;BZ)<,---,(bq—lqu—l)] - (59

(55)

. Carpinteri, A., Mainardi, F. (eds.): Fractals and Fractional Calculus in Continuum Mechanics. Springer,

ASME 2009 International Design Engineering Technical Conferences and Computers and Information
in Engineering Conference, IDETC/CIE, San Diego, CA, USA, August 30-September 2, 2009

. Agrawal, O.P.: J. Math. Anal. Appl. 272 (2002)

. Agrawal, O.P.: J. Vib. Control 13, 1217 (2007)

. Tarasov, V.E.: Celest. Mech. Dyn. Astron. 19, 1 (2006)

. Nonnenmacher, Y.E.: J. Phys. A 23, L697 (1990)

. Metzler, R., Glockle, W.G., Nonnenmacher, T.F.: Physica A 211, 13 (1994)

. Schlesinger, M.E.: J. Phys. A 36, 639 (1984)

. Stillinger, EH.: J. Math. Phys. 18, 1224 (1977)

. Willson, K.G.: Phys. Rev. D 7, 2911 (1973)

. Rulle, D.: Statistical Mechanics Rigorous Results. Benjamin, New York (1969)
. Collins, J.C.: Renormalization. Cambridge University Press, Cambridge (1984)
. Tarasov, V.E.: Ann. Phys. 318, 286 (2005)

. Tarasov, V.E.: Mod. Phys. Lett. A 21, 1587 (2006)

. Barnsley, M.F.: Fractals Everywhere. Academic Press, New York (1988)

. Feder, J.: Fractals. Plenum, New York (1988)

. Vicsek, T.: Fractal Growth Phenomena. Singapore, World Scientific (1989)

. Oldham, K.B., Spanier, J.: The Fractional Calculus. Academic Press, New York (1974)
. Willson, K.G.: Phys. Rev. D 7, 2911 (1973)

@ Springer



2104 Int J Theor Phys (2010) 49: 2095-2104

24. Zeilinger, A., Svozil, K.: Phys. Rev. Lett. 54, 2553 (1985)

25. ’t Hooft, G., Veltman, M.: Nucl. Phys. B 44, 189 (1972)

26. Feynman, R.P., Hibbs, A.R.: Quantum and Path Integrals. McGraw-Hill, New York (1965)

27. Laskin, N.: Commun. Nonlinear Sci. Numer. Simul. 12, 2 (2007)

28. Laskin, N.: Phys. Rev. E 62, 3135 (2000)

29. West, B.J., Bologna, M., Grigolini, P.: Physics of Fractal Operators. Springer, New York (2003)

30. Dong,J., Xu, M.: J. Math. Phys. 48, 072105 (2007)

31. Naber, M.: J. Math. Phys. 45, 3339 (2004)

32. Wang, S., Xu, M.: J. Math. Phys. 48, 043502 (2007)

33. Muslih, S., Agrawal, O.: Int. J. Theor. Phys. 49, 270 (2010)

34. Muslih, S., Agrawal, O.: J. Math. Phys. 50, 123501 (2009)

35. Muslih, S., Agrawal, O.: Solutions of fractional wave equation in fractional dimensional space. To be
submitted for publication

36. Mathai, A.M., Saxena, R.K.: The H -function with Applications in Statistics and other Disciplines. Wiley
Eastern, New Delhi (1978)

37. Levin, ES.: An Introduction to Quantum Theory. Cambridge University Press, Cambridge (2002)

38. Griffiths, D.J.: Introduction to Quantum Mechanics, 2nd edn. Prentice-Hall, Englewood Cliffs (2004)

39. Glockle, W.G.: J. Stat. Phys. 71, 741 (1993)

@ Springer



	Solutions of a Particle with Fractional delta-Potential in a Fractional Dimensional Space
	Abstract
	Introduction
	Fourier Transform Method in Fractional Dimensional Space
	Fractional Schrödinger Equation in Fractional Space
	Fractional delta-Potential
	Conclusions
	Acknowledgements
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


